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ABSTRACT
Let k be a real quadratic number field with 2-class group C2(k) isomorphic to Z/2Z x Z/2Z such that the discriminant of k is a product of
positive prime discriminants, and the norm of the fundamental unit of k is 1. Let k+¹ be the narrow 2-class field of k, and h2(k+¹) be the
2-class number of k+¹. Based upon our preliminary heuristic investigations, we conjecture that if the rank of the 2-class group of k+¹ is 2
then h2(k+¹) ≥ 32, and if the rank of the 2-class group of k+¹ is 3 then h2(k+¹) ≥ 64. We prove some results and make some additional
conjectures for the structure of the 2-class group of some fields related to k+¹, and state two open questions about the narrow 2-class field
tower of k.
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1.   Introduction

Let k be an algebraic number field, C2(k) (resp. C2⁺(k)) denote the
2-Sylow subgroup (resp. narrow 2-Sylow subgroup) of its ideal class
group C(k) (resp. narrow ideal class group C⁺(k)), and k¹ (resp. k+¹)
denote the 2‐class field (resp. narrow 2‐class field) of k. Let kⁿ  (resp.
k+ⁿ)  (for  a  nonnegative  integer  n)  be  defined  inductively  as
k⁰ =k+⁰=  k and kⁿ⁺¹ = (kⁿ)¹ (resp. k+ⁿ⁺¹ =(k+ⁿ)+¹).We define k⁰⊆ k¹⊆
k²⊆ . . . kⁿ⊆ . . .  (resp. k+⁰ ⊆ k+¹⊆ k²+⊆. . . k+ⁿ⊆ . . .) to be the 2-class
field tower (resp. narrow 2-class field tower) of k. We say that the
2-class field tower (resp.   narrow 2-class field tower) is finite if
kⁿ = kⁿ⁺¹ (resp.  k+ⁿ =k+ⁿ⁺¹) for some n, with length n if n is minimal,
and infinite otherwise.

Currently there is no known generic decision procedure to
determine whether or not the 2-class field tower (or the p-class
field tower for any prime p) of an algebraic number field k is infinite
(cf. [1]). It is known though, by purely group theoretical means that
the 2-class field tower is finite of length at most 3 when the rank,
i.e., the minimal number of generators, of  C2(k¹) is less than or equal
to 2; and that if we also have rank (C2(k)) = 2 (resp. 1) then the
tower is finite of length at most 2 (resp. 1) (cf. [10], [16]).

We concentrate here on the case of real quadratic number fields k
such that its discriminant dk is a product of positive prime
discriminants, its 2-class group C2(k) is isomorphic to Z/2Z x Z/2Z,
and its fundamental unit ɛ has norm 1, which we denote as N(ɛ) =
1. Consequently it is well known that the narrow 2-class group
C2⁺(k)  is  isomorphic to Z/2Z x Z/4Z, and that the narrow 2‐class
group of k+¹  is equal to the (wide) 2-class group of k+¹(cf. [14], [16]).
In [8] we characterized all real quadratic number fields k for which
C2(k¹) is trivial (hence of rank 0). In [2], [3], [4], [5], and [12], the
authors determined in particular those real quadratic number fields
k with rank (C2(k)) = 2 such that dk is a product of positive prime
discriminants, for which C2(k¹) is cyclic and nontrivial (rank 1).
Using the notation (2�, 2ⁿ) to denote Z/2�Z x Z/2ⁿZ, m ≥ 1, n ≥1, it
is well known that C2(k¹) is cyclic when C2(k) ≃ (2, 2) for any
number field k (cf. [16]), and in [6] we were able to give complete
criteria to distinguish between rank (C2(k¹)) = 2 and rank (C2(k¹))
≥ 3 for a real quadratic number field k when C2(k) ≃ (2, 2ⁿ), n ≥ 2,

and dk is a product of positive prime discriminants, which translates
into knowing whether or not there is a possibility that k has infinite
2-class field tower, as described above. In [5] and [3] we found
criteria to determine when rank(C2(k¹)) = 2 and rank (C2(k¹)) ≥  3
for C2(k) ≃ (2�, 2ⁿ), m ≥ 2, n ≥ 2, in particular cases.  Denoting ki,
i = 1, 2, 3, to be the three unramified quadratic extensions of k, our
criteria involved the two unramified quartic cyclic extensions of k;
these contain one of the ki.

For fields k with C2(k) ≃ (2, 2) and N(ɛ) = -1, which implies that
C2⁺(k)= C2(k) ≃ (2, 2), Couture and Derhem (cf. [12]) proved that
C2(k+¹) is cyclic, which implies that k has finite narrow 2-class field
tower of length at most 2 (cf. [16]). For fields k with C2(k) ≃ (2, 2)
and N(ɛ) = 1, which implies that C2⁺(k) ≃ (2, 4) and
rank (C2⁺(k¹)) ≤ 3 (cf. [11], [16]), we have shown that C2⁺(k¹) is not
cyclic, h2(k+¹) ≥ 8 where h2(k+¹) is the 2-class number of k+¹, and
we have been able to completely distinguish between rank (C2(k+¹))
= 2 and 3 (cf. Theorems 1 and 2 in [7], and Lemma 1 below).
However, based upon our heuristic investigations (see below) we
conjecture that this lower bound on h2(k+¹) can be improved to 32
when rank (C2(k+¹)) = 2, and to 64 when rank (C2(k+¹)) = 3.
Furthermore, we know that for k as above with N(ɛ) = 1, if rank
(C2(k+¹)) = 2 then k has narrow 2-class field tower of length 2, and
that if rank      (C2(k+¹)) = 3 then k has narrow 2-class field tower of
length ≥ 3 (cf. Theorem 3 in [7]).  However, we do not know if the
narrow 2-class field tower of k can be infinite (or  even finite), and
we consequently state this as two open questions (see Open
Questions 1 and 2).

2.   Preliminary Heuristic Investigation

For k as above, let G = Gal(k²/k) (resp. G+ = Gal(k+²/k)) and G¹
(resp. G+¹) denote the commutator subgroup of G (resp. G+). By class
field theory it is well known that G/G¹≃ Gal(k¹/k)≃ C2(k), G+ /G+¹≃
Gal (k+¹/k)≃ C2⁺(k), and G¹≃ Gal(k²/k¹)≃ C2(k¹), G+¹≃ Gal(k+²/k+¹)
≃ C2⁺(k+¹)= C2(k+¹). Furthermore, for k as above (with N(ɛ) = 1), if
we denote k1, k2, and k3 to be the three unramified quadratic
extensions of k, and H1, H2, and H3, where Hi = Gal(k+²/ki) for i = 1,
2, 3, to be the three maximal subgroups of G+, and J1 and J2 to be the
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two index 4 normal subgroups of G+ such that Ji = Gal(k+²/Ki), i = 1,
2, where Ki is one of the two unramified (only at the finite primes)
cyclic quartic extensions of k, then we know by class field theory
that h2+(k+²/ki) = [Hi : G+¹] for i = 1, 2, 3, and h2⁺(Ki) = [Ji :G+¹] for i
= 1, 2, where h2 (resp. h2⁺) refers the 2‐class number (narrow 2‐class
number) of a field. Consequently we were able to utilize the table
below Theorem 1 in [6] to obtain information about the rank of
C2(k+¹), which helped us distinguish between rank (C2(k+¹)) = 2 and
3 for fields k as above (cf. Theorems 1 and 2 in [7]). Our relevant
results in [7], which include our finding that h2(k+¹) ≥ 8, can be
stated as follows, where ( / ) and ( / )4 denote (respectively) the
Kronecker symbol and biquadratic residue symbol (cf. [12], [18]).

Lemma 1: Let k be a real quadratic number field such that
N(ɛ) = 1 and the discriminant dk = d1d2d3 for positive prime
discriminants dj, j = 1, 2, 3. Furthermore, suppose that (d1/d3) = -1,
(d2/d1) = (d2/d3) = 1, (d1/d2)4 (d2/d1)4 = -1, and (d2/d3)4 (d3/d2)4

= 1. Then the rank of C2(k+¹) = 2 if (d2/d3)4 = -1, the rank of       C2(k+¹)
= 3 if (d2/d3)4  = 1, and in both cases, C2(k+¹) is not elementary.

We see immediately that Lemma 1 implies that h2(k+¹) ≥ 8, and we
see that the conditions of this lemma imply that C2(k) ≃ (2, 2) (cf.
for example [12]). We now describe our first heuristic investigation
with the following 20 examples that satisfy the conditions of Lemma
1, where r = rank (C2(k+¹)).  We note that C2(k+¹) for the examples
dk = 5.13.29 and dk = 8.13.113 were given in [7], and we
corroborated all our 2-class groups by pari.  See Section 2 in [14]

Table 1: Rank of Narrow 2-Class Group of Fields k as in Lemma 1
dk = d1.d2.d3 K1 K2 C2(K1) C2(K2) C2(K1) r

13.29·5 k(√(‐23 + 4√29) k(√(‐17 + 2√(5.13)) (8, 8) (2, 2, 2) (4, 8) 2

8.17·53 k(√(‐21 + √(8.53)) k(√‐21 + (√17) (8, 8) (2, 2, 2) (4, 8) 2

41.5·29 k(√(‐37 + 6√5) k(√(‐69 + 2√(29.41)) (8, 8) (2, 2, 2) (4, 8) 2

53.29·5 k(√(‐27 + 4√29) k(√(‐33 + 2√(5.53)) (16, 16) (2, 2, 2) (8, 16) 2

61.5·29 k(√(‐43 + 4√5) k(√(‐1247 + 116√5) (8, 8) (2, 2, 2) (4, 8) 2

5.41·8 k(√(‐9 + √(8.5)) k(√(‐9 + (√41) (8, 8) (2, 2, 2) (4, 8) 2

8.89·5 k(√(‐29 + 3√89)) k(√(‐145 + 15√89) (16, 16) (2, 2, 2) (8, 16) 2

8.17·349  k(√(‐53 + √17) k(√‐53 + √17) (16, 16) (2, 2, 2) (8, 16) 2

173.29·5 k(√(‐355 + 60√29) k(√(‐71 + 12√29) (8, 8) (2, 2, 2) (4, 8) 2

97.61·41 k(√(‐411 + 52√61) k(√(‐845681 + 13410√(41.97)) (16, 16) (2, 2, 2) (8, 16) 2

17.8·337 k(√(‐77 + 5√8) k(√‐62293 + 823(√(17.337)) (4, 8) (2, 2, 2) (2, 4, 8) 3

37.337·337 k(√‐21717 + 1183(√337)) k(√(‐39 + 2√(8.37)) (16, 32) (2, 2, 2) (2, 16, 32) 3

17.101·5 k(√(‐61 + 6√101) k(√(‐21 + 2√(5.17)) (4, 8) (2, 2, 2) (2, 4, 8) 3

37.101·5 k(√((‐173/2) + (17/2)√101) k(√(‐29 + 2√(5.37)) (8, 16) (2, 2, 2) (2, 8, 16) 3

17.8·113 k(√(‐47 + 6√8) k(√(‐1797 + 41(√(17.113)) (16, 32) (2, 2, 2) (2, 16, 32) 3

13.113·8 k(√(‐23 + √113) k(√(‐23 + 2√(8.13)) (4, 8) (2, 2, 2) (4, 4, 4) 3

41.5·101 k(√(‐81 + 22√5) k(√(‐129 + 50√5) (8, 16) (2, 2, 2) (4, 8, 8) 3

41.73·89 k(√(‐119 + 12√73) k(√(‐23479 + 2348√73) (32, 64) (2, 2, 2) (4, 32, 32) 3

41.73·137 k(√(‐127 + 12√73) k(√(‐19583 + 2242√(41.137)) (8, 16) (2, 2, 2) (4, 8, 8) 3

8.1361·5 k(√(‐12949 + 351(√1361)) k(√(‐39 + 2√(8.5)) (8, 16) (2, 2, 2) (4, 8, 8) 3

From [6] we know that if rank (C2(k+¹)) = 2 then C2(K2) ≃ (2, 2, 2),
where we utilize the notation K1 and K2 such that rank
(C2 (K1)) = 2, but from Table 1 we see a number of additional
patterns, and consequently we make the following conjectures,
where we again are assuming that k is a field that satisfies the
conditions of Lemma 1.
Conjecture 1: If rank (C2(k+¹)) = 2 then h2(k+¹) ≥ 32; if
rank (C2(k+¹)) = 3 then h2(k+¹) ≥ 64.

Conjecture 2: If rank (C2(k+¹)) = 3 then C2(K2) ≃ (2, 2, 2, 2).

Conjecture 3: If rank (C2(k+¹)) = 2 then C2(K1)≃ (2m, 2m) and C2(k¹+)
≃ (2m-1, 2m) for    some m ≥ 3.

Conjecture 4:  If rank (C2(k+¹)) = 3 then C2(K1) ≃ (2m-1, 2m), and
C2(k+¹) ≃ (2, 2m-1, 2m) or   (4, 2m-1, 2m-1) for some m ≥ 3.

We now make use of [14], as given above, to describe three
quadratic extensions of k¹, all of which are unramified over k¹ at
the finite primes, and exactly one of which is completely unramified
over k¹.  For this purpose we specify a = x0 + y0√d2,  b = x1 + y1√d2,
and c = x2 + y2√d2, for an appropriate solution (xi, yi, zi) in (½ Z)³,
i = 0, 1, 2, where xi, yi, zi are relatively prime in Q(√d2), of the
following three Diophantine equations: x0² -  y0²d2 -  z0²d1d3 = 0,
x1² -  y1²d2 -  z1²d3 = 0,  and x2² -  y2²d2 -  z2²d1 = 0. We see that
k¹(√c) = k¹(√ab); k¹(√a) = k+¹; k¹(√a) and k¹(√c) are unramified
over k¹ at the finite primes but ramify at the infinite primes; and
k¹(√b) is unramified everywhere over k¹ (cf. [14], and [7] where
we utilized k¹(√a) and k¹(√c) in the proof of Theorem 3 of [7]). We
formulate the following table to list our values for a, b, c, and ab for
the 20 examples that we utilized in Table 1:
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Table 2: The Values a, b, c, and ab for the Fields k in Table 1
dk = d1.d2.d3 a b c ab

13.29·5 ‐23 + 4√29 11 + 2√29 ‐97 + 18√29 ‐21 ‐ 2√29

8.17·53 ‐81/2 + (19/2)√17 11 + 2√17 ‐5/2 + (1/2)√17 ‐245/2 + (47/2)√17

41.5·29 ‐37 + 6√5 7 + 2√5 ‐11 + 4√5 -199 - 32?5

53.29·5 ‐27 + 4√29 11 + 2√29 ‐13 + 2√29 -65 - 10?29

61.5·29 ‐43 + 4√5 7 + 2√5 ‐9 + 2√5 ‐261 ‐ 58√5

5.41·8 ‐9/2 + (1/2)√41 7/2 + (1/2)√41 ‐13 + 2√41 ‐11/2 ‐ (1/2)√41

8.89·5 ‐29/2 + (3/2)√89 19 + 2√89 ‐217/2 + (23/2)√89 ‐17/2 ‐ (1/2)√89

8.17·349 ‐53/2 + (1/2)√17 31 + 6√17 ‐5/2 + (1/2)√17 ‐1541/2 ‐ (287/2)√17

173.29·5 ‐71 + 12√73 11 + 2√29 ‐17 + 2√29 ‐85 – 10√29

97.61·41 ‐411 + 52√61 8685 + 1112√61 ‐1031 + 132√61 ‐42271 – 5412√61

17.8·337 ‐77 + 5√8 25 + 6√8 ‐5 + √8 ‐1685 ‐ 337√8

37.337·337 ‐21717/2 + (1183/2)√337 97497/2 + (5311/2)√337 ‐62893 + 3426√337 ‐167/2 ‐  (9/2)√137

17.101·5 ‐61 + 6√101 11/2 + (1/2)√101 ‐13/2 + (1/2)√101 ‐65/2 + (5/2)√101

37.101·5 ‐433/2 + (43/2)√101 11/2 + (1/2)√101 ‐21 + 2√101 ‐105 + 10√101

17.8·113 ‐47 + 6√8 11 + 3√8 ‐5 + √8 ‐469 + 19√8

13.113·8 ‐23/2 + (1/2)√113 11/2 + (1/2)√113 ‐489 + 46√113 ‐35/2 ‐ (3/2)√113

41.5·101 ‐81 + 22√5 11 + 2√5 ‐11 + 4√5 ‐671 + 80√5

41.73·89 ‐119 + 12√73 69 + 8√73 ‐71 + 8√73 ‐1203 ‐ 124√73

41.73·137 ‐127 + 12√73 957 + 112√73 ‐171 + 20√73 ‐23427 ‐ 2240√73

8.1361·5 ‐12949/2 + (351/2)√1361 119603 +3242√1361 ‐37/2 + (1/2)√1361 ‐185/2 – (5/2)√1361

Based upon our above definitions of the quantities a, b, and c, we
use the following notation to describe the 2-class groups of nine
related fields which we utilized in our formulations to prove
Theorem 3 in [7], where Q is the field of rational numbers, and
where once again we assume that k satisfies the conditions of
Lemma 1:

N1 = k¹(√a)
N2 = k¹(√b)
N3 = k¹(√(ab))
N4 = Q(√(ab))
N5 = Q(√(ab),√d1)
N6 = Q(√(d3c))
N7 = Q(√c, √d3)
N8 = Q(√(d3c), √b)
N9 = Q(√(d3c), √(d3b))

We see immediately that C2(N1) =C2(k+¹), and C2(N2)  is cyclic of
order |G|/8 where G = Gal(k²/k) (cf. [7], [14]). In addition, we are
able to prove some results about the ranks of C2(N4) and C2(N5) (see
Lemma 2), and when the rank of C2(k+¹) = 2 we prove that
C2(N6) = C2(N7)≃ (2, 2), |C2(N3)|= |G|, and a result pertaining to the
structures of C2(N8) and C2(N9) (see Lemmas 3 and 4). Furthermore,
based upon our heuristic investigations (see Table 3 below), we
make five conjectures about some of these fields that we have not
been able to prove (see Conjectures 5, 6, 7, 8, and 9).

We begin with establishing the following three lemmas, where we
once again are assuming that k satisfies the conditions of Lemma 1,
followed by our heuristic investigations that are described in Table
3, and then we state our conjectures.

Lemma 2: Let k satisfy the conditions of Lemma 1. Then C2(N4) is
either  trivial  or  has  rank  2,  and  rank  (C2(N4))  =  rank  (C2(N5)).
Furthermore,  if  rank  (C2(N4))  =  2  and  p3  is  odd,  then  h2(N5)
=(½)h2(N4)².

Proof: We initially make use of the properties of the Ambiguous
Class Number Formula (see A2 in the Appendix) applied to the
quadratic extension N4/F2, where F2 = Q(√d2), N4 = Q(√(ab)) as
described above, and e2 (resp. e2⁺) is the group of units (resp. totally
positive units) in F2. We know that h2(F2) = 1 (cf. [16] for example),
and since N4 is totally complex and F2 is real, we also know that
e2²⊆ H⊆ e2⁺, where H is the subgroup of units in F2 which are norms
of elements from N4� (see A2). Denoting ɛ2 to be the fundamental
unit of F2, we know that N(ɛ2) = -1, and consequently e2⁺ = e2² and
thus (e2 : H) = (e2 : e2⁺) = (e2 : e2²) = 4. We therefore need to show
that t = 3 or 5, where t is the number of finite and infinite primes in
F2 that ramify in N4 (see A2).  Since both infinite primes ramify from
F2 to N4, what we need to show is that exactly either one finite prime
or three finite primes ramify from F2 to N4.

To determine the finite primes that ramify from F2 to N4 we first
note that the only possible ramified finite primes are those dividing
p1 and p3.  Since (p2/p1) = 1 we know that p1 splits in F2, and we let
g1 and g1' be the primes in F2 above p1. Similar to the argument in
the proof of Proposition 8 in [7], if T = T(B/g1) (resp. T = T(B/g1'))
for a prime B in N5 dividing g1 (resp. g1') is the inertia subgroup of
B|g1 (resp. B|g1') in Gal(N5/F2), then |T| = 2 and thus, since the
inertia subfield N5� is totally ramified in N5 over the prime B⋂ N5�,
we see that N5� must be N4 or its conjugate field N4'. We now make
use of the following diagram, where Fi = Q(√di) for i = 1, 2, 3, and
F12 = Q(√d1d2 ) (see Figure 1).
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Figure 1

It thus follows that g1 and g1' cannot both ramify from F2 to N4.  On
the other hand, g1 and g1' cannot both be unramified from F2 to N4,
since if this were the case then it would imply that an inertia
subgroup in Gal(N5/F2), either N4 or N4', is unramified in N5, which
is a contradiction, and therefore exactly one of the primes g1 or g1'
ramifies in N4.  Since we also have (p2/p3) = 1, we know that p3 splits
in F2, and we let g3 and g3' be the primes in F2 over p3. We claim that
either none or both of g3, g3' ramify in N4. To see this, suppose (wlog)
that g3 ramifies in N4 but g3' does not ramify in N4. It would then
follow that the prime in F1F2  = Q(√d1,√d2) over g3' is unramified in
N5 (see Figure 1).

But since N5 is normal over Q, the prime in F1F2 over g3 must also
be unramified in N5, which is a contradiction since we are assuming
that p3 ramifies in N4, and therefore also in N5.  Consequently it
follows from the properties of the Ambiguous Class Number
Formula that either C2(N4) is trivial or C2(N4) has rank 2.

We now apply the Ambiguous Class Number Formula to the
quadratic extension N5/F1F2. From the Kuroda Class Number
Formula (see A1 in the Appendix) we see that h2(F1F2) = 1, and there
are four infinite primes that ramify from F1F2 to N5.  However,
denoting e1,2 (resp. e1,2⁺)  to  be  the  group  of  units  (resp.  totally
positive units) in F1F2, we now find that e1,2² is properly contained
in e1,2⁺, since the totally positive units  in F1F2 consist of e1,2² and
exactly one of the units ɛ1√ɛ12 or ɛ2√ɛ12, where ɛ1 (resp. ɛ12) is the
fundamental unit of F1 (resp. F12) (see Table 4 in [7]),and we
therefore obtain that (e1, 2 : e1, 2⁺) = 8.  If C2(N4) is trivial, since we
have e1,2² ⊆ H ⊆ e1,2⁺, from the properties of the Ambiguous Class
Number Formula we see that we must have H = e1, 2⁺ and it follows
that C2(N5) is also trivial.

We now assume that C2(N4) has rank 2. Since N5 is normal over Q
and p3 is the only prime in Q that can ramify in N5, it follows that
t = 4 if p3 is unramified in N5, and t = 6 if p3 is ramified in N5.  If p3

is unramified in N4 , then from above, p3 is unramified in N5, and

consequently h2(N4) = h2(N5) = 1. If p3 ramifies in N4, then we make
use of Takagi's Main Theorem for  Hilbert Class Fields (see Section
1.2.4 in [16]), which implies that the norm map N: C(N5)→ C(N4) is
onto. It follows that the norm map C2(N5)→ C2(N4) is also onto, and
therefore rank (C2(N5)) = 2.

Finally, we show that if rank (C2(N4)) = rank (C2(N5)) = 2 and p3 is
odd, then h2(N5) = (½)h2(N4)². For K a CM-field (i.e., a totally
complex quadratic extension of a totally real number field), we
utilize the notation Q(K) = [EK :WKE(K⁺)] where K⁺ is the maximal
real subfield of K, E(K) (resp. E(K⁺)) is the unit group of K (resp.
K⁺)), and WK is the group of roots of unity contained in K (cf. [15]).
We note that N4 (resp. N5) is a CM-field and F2 (resp. F1F2) is its
maximal real subfield, and from the Kuroda Class Number Formula
we obtain h2(N5) = (½)q(N5/F2)h2(N4)², where q(N5/F2) denotes
the unit index of N5/F2 (see A1 and Figure 1). We next notice that
since rank (C2(N4)) = rank (C2(N5)) = 2, the prime above p3 in F2

(resp. F1F2) ramifies in N4 (resp. N5), and since p3 is odd we find that
N4/F2 and N5/F1F2 are both essentially ramified (cf. [15]). This
implies by Theorem 1 in [15] that Q(N4) = Q(N5) = 1, and from
Proposition 3 in [15], since Q(N4') = 1 and E(N4) = E(N4') = E(N5) =
1, we see that q(N5/F2) = Q(N5) and thus we are able to conclude
that h2(N5) = (½)Q(N5)h2(N4)² = (½)h2(N4)², which completes the
proof of our lemma.

Lemma 3: Let k satisfy the conditions of Lemma 1. If the rank of
C2(k+¹) = 2 then C2(N6) = C2(N7) ≃ (2, 2) and |C2(N3)|= |G|.

Proof: Since the rank of C2(k+¹) = 2, we see from Proposition 7 in
[8], and Theorems 1, 2, and 3, Corollary 1, and Proposition 14 in [7],
that C2(N6)= C2(Q(√(d3c))) ≃ (2, 2). From Proposition 15 in [7] we
know that rank (C2(N7)) = rank (C2(Q(√c, √d3)))  = 2. Since F12(√c)
= (F12)+¹ (cf. [14], [18]) we see that p3 does not ramify from F2 to
Q(√c), and consequently p3 does not ramify from N6 to N7 (see
Figure 2).
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Figure 2

Since p1 and p2 do not ramify from F2F3 to N7 we see that p1 and p2

do not ramify from N6 to N7 (again see Figure 2).  Consequently N7

is an unramified quadratic extension of N6, and since C2(N7) is not
cyclic we must have C2(N7) ≃ (2, 2).

In regard to C2(N3) = C2(k¹(√(ab))) = C2(k¹(√(c)), since h2(Q(√(d3c))
= 4 we know from Proposition 14 in [7] that |C2(N3)| = h2(k¹(√(ab)))
= 4h2(k¹) = |G|. which proves our lemma.

Lemma 4: Let k satisfy the conditions of Lemma 1.  If the rank of
C2(k+¹) = 2 then either  C2(N8) ≃ (2, 2) and C2(N9) is cyclic, or
C2(N9) ≃ (2, 2) and C2(N8)  is cyclic.

Proof: From Lemma 3 we see that C2(N6) ≃ (2, 2), and from
Lemma 15 in [7] we see that rank (N7) = 2. Since F12(√b) ⊆ (F23)¹
(cf. [14], [18]) we see that p1 does not ramify from F2 to Q(√b), and
consequently p1 does not ramify from N6 to N8 (see Figure 3).

Figure 3

Since N7 is unramified over N6 (see proof of Lemma 3), we see that
p3 must ramify from F2 to N6 (see Figure 2), and thus p3 does not
ramify from N6 to N8 ( see Figure 3). Since p2 does not ramify from

N6 to N8, we conclude that N8 is an unramified quadratic extension
of N6.  Since N7 and N8 are both unramified quadratic extensions of
N6, we know that N9 is also an unramified quadratic extension of N6

(see Figure 4).

Figure 4

Since C2(N6)≃ (2, 2) and rank(N7) = 2, we know that C2(N7)≃ (2, 2) and consequently we must have that either C2(N8 )≃ (2, 2) and C2(N9)
is cyclic, or C2(N9) ≃ (2, 2) and C2(N8)  is cyclic, which proves our lemma.
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Table 3: The Values C2(N3), C2(N4), C2(N5), C2(N6), C2(N7), C2(N8), and C2(N9) for the Fields k in Table 1
dk = d1.d2.d3 C2(N3) C2(N4) C2(N5) C2(N6) C2(N7) C2(N8) C2(N9)

13.29·5 (2, 2, 2) 1 1 (2, 2) (2, 2) (2, 2) (8)
8.17·53 (2, 2, 2) 1 1 (2, 2) (2, 2) (8) (2, 2)
41.5·29 (2, 2, 2) 1 1 (2, 2) (2, 2) (2, 2) (8)
53.29·5 (2, 2, 2) (2, 2) (2, 4) (2, 2) (2, 2) (2, 2) (8)
61.5·29 (2, 2, 2) (2, 2) (2, 4) (2, 2) (2, 2) (2, 2) (16)
5.41·8 (2, 2, 2) 1 1 (2, 2) (2, 2) (8) (2, 2)
8.89·5 (2, 2, 2) 1 1 (2, 2) (2, 2) (2,2) (16)

8.17·349 * 1 1 (2, 2) (2, 2) (16) (2, 2)
173.29·5 (2, 2, 2) (2, 2) (2, 4) (2, 2) (2, 2) (2,2) (16)
97.61·41 (2, 2, 2) (2, 2) (2, 4) (2, 2) (2, 2) (8) (2,2)
17.8·337 (4, 8, 8) (2, 8) (8, 16) (2, 8) (2, 8) (2, 2, 4) (2, 16)

37.337·337 (2, 8, 16) 1 1 (2, 8) (4, 8) (4, 32) (2, 2, 4)
17.101·5 (2, 4, 8) (2, 4) (4, 8) (2, 4) (2, 4) (4, 4) (2, 2, 2)
37.101·5 (2, 8, 16) (2, 8) (8, 16) (2, 8) (2, 8) (8, 8) (2, 2, 4)
17.8·113 (4, 4, 4) 1 1 (2, 4) (4, 4) (2, 2, 2) (2, 32)
13.113·8 (2, 8, 32) 1 1 (2, 8) (4, 16) (2, 16) (2, 2, 4)
41.5·101 (2, 4, 8) 1 1 (2, 4) (2, 4) (2, 2, 2) (2, 16)
41.73·89 (2, 4, 8) 1 1 (2, 4) (2, 4) (2, 64) (2, 2, 2)

41.73·137 (4, 64, 128) (2, 64) (64, 128) (2, 64) (4, 128) (2, 2, 32) (4, 128)
8.1361·5 (2, 8, 8) (2, 8) (8, 16) (2, 8) (2, 8) (2, 2, 4) (8, 8)

* We note that for the field Q(√(2.17.349)) with dk = 8.17.349, we were not able to calculate C2(N3) using pari.

From Table 3 we see a number of patterns, and consequently we
make the following conjectures, where we once again are assuming
that k is a field that satisfies the conditions of Lemma 1.

Conjecture 5: C2(N3) has rank 3.

Conjecture 6: If rank (C2(k+¹)) = 2 then C2(N4) ≃ (2, 2).

Conjecture 7: If rank (C2(k+¹)) = 3 then both N6 and N7 have
non-elementary 2-class group of rank 2.

Conjecture 8: If rank (C2(k+¹)) = 3 then either C2(N8) has rank 2
and C2(N9) has rank 3, or C2(N9) has rank 2 and C2(N8) has rank 3.

Conjecture 9: If rank (C2(N4))  = rank (C2(N5)) = 2, then
C2(N4) ≃ (2, 2�) and C2(N5) ≃ (2�, 2�⁺¹) for some m ≥ 2.

We end with the two following open questions related to the length
of the narrow 2-class field tower of k, where we assume that k
satisfies the conditions of Lemma 1 and that rank(C2(k+¹)) = 3,
which implies that k has narrow 2-class field tower of length ≥ 3 (cf.
Theorem 3 in [7]).

Open Question 1: Do there exist fields k that satisfy the conditions
of Lemma 1 such that k has an infinite narrow 2-class field tower?

Open Question 2: Do there exist fields k that satisfy the conditions
of Lemma 1 such that k has narrow 2-class field tower of length 3
(resp. length m for any particular value of m ≥ 3)?

Finally, we take this opportunity to convey some errors in our
earlier work.

In Remark 6 of [1] we attribute a result to Schmithals (cf. [17]),
which should be correctly stated as follows: There are infinitely
many imaginary quadratic number fields k with C2(k) = 2 and 4-rank
of Ck equal to 2 that have infinite 2-class field tower. And the
reference to Schmithal's example should be k = Q(√(-5.11.461).

In [3] our errors involve the mistaken appearance of the term
"quadratic" instead of "quartic" in a number of instances, and the
corresponding mistaken notational designation in two places.
Specifically both these errors occur in Lemma 2 in [3], where the
unramified "quartic" cyclic extensions should be denoted as Kij, as
opposed to kij. The corrected form of Lemma 2 in [3] is as follows:

Lemma 2 (in [3]): Let k be a number field such that C2(k) ≈ (2�, 2ⁿ),
m ≥ 1, n ≥ 1, and assume that h2(ki) = h2(k) for exactly one of the
three unramified quadratic extensions ki of k. Then rank
(C2(k¹)) = 2 if h2 (Kij) = h2(k) and rank (C2(k¹)) ≥ 3 if h2 (Kij ) > h2(k),
for either (both) unramified quartic cyclic extensions Kij of k
containing ki.  Furthermore, if h2(ki) > h2(k) for all three ki, then rank
(C2(k¹)) ≥ 3.

We also note that this same error of "quadratic" appearing instead
of "quartic" occurs in Corollary 2, Remark 1, Remark 2, Open
Question 1, and Open Question 2 of [3], and that in Open Question
2 of [3] the 2-class numbers of the unramified "quartic" extensions
should once again be denoted as Ki, as opposed to ki.
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Appendix

For the convenience of the reader, we give some results here that are used in this paper.

(A1). [Kuroda's Class Number Formula] Let K/k be an arbitrary normal quartic extension of number fields with Galois group of type
V4 = (2, 2), and let kj (j = 1, 2, 3) denote its three quadratic sub-extensions. Then the class number of K satisfies the formula
h(K) = 2d-c-2-vq(K/k)h(k1)h(k2)h(k3)/h(k)² where q(K/k) = (EK : E1E2E3) denotes the unit index of K/k (with Ej the unit group of kj), d is the
number of infinite primes in k that ramify in K/k, c is the Z-rank of the unit group Ek of k, and v = 0 except when K⊆ k(√ Ek), in which case
v = 1 (cf. [9]).

We note that we may replace h(·) by h2(·) in the proposition, since the unit index is a power of 2; cf. [14].

We also state some results involving the ambiguous ideal class group, that again can be found in [9].  Let K/k be a cyclic extension of prime
degree p.  Let Am(K/k) denote the group of ideal classes in K fixed by Gal(K/k); i.e., the ambiguous ideal class group of K/k, and let
Am2 = Am2(K/k) be its 2-Sylow subgroup.

(A2). [Ambiguous Class Number Formula] Let K/k be a cyclic extension of prime degree p. Then the number of ambiguous ideal classes
is given by |Am(K/k)| = h(k)pt-1/[Ek : H], where t is the number of finite and infinite primes of k that ramify in K, Ek is the unit group of k,
and H is the subgroup of units in k which are norms of elements from K�. Moreover, Cp(K), the p-class group of K, is trivial if and only if p
does not divide |Am(K/k)|.  Also, if h(k) is odd, then |Am2(K/k)| = 2�, where r = rank (Cl2(K)).
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