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ABSTRACT
Earlier research workers have studied the reliability behavior of k-out of-n systems with dependent failure and standby support, but no
attention was paid to the reliability evaluation due to human and common-cause failure. Question was raised whether the repair due to human
error and common-cause failure would be effective on the reliability and performance of the system. In this paper, a mathematical model of
k-out of-n repairable system is studded with standby units involving human and common-cause failure to evaluate availability, steady state
availability, MTTF and cost function with and without repair. Using supplementary variable technique, Laplace transforms of various state
probabilities are obtained. Some particular cases have been discussed. Numerical computation and graphs also have been drawn. Also three
particular cases are developed. Results have shown that system with repair is better in terms of system effectiveness than system without
repair. we conclude that system with repair is more effective than system without repair due to both human error and common-cause failure.
Keywords: Cost analysis, k-out of-n system, repairable system, human failure, common-cause failure, Laplace transforms, Mean time to system
failure (MTTF), Steady-state availability.

1. Introduction
In a series systems, the failure of one or more units result in
the system failure. However, there exist systems that are not
considered failed until at least k units or components have
failed. Such systems are known as k-out of-n systems.
Examples of such systems are: large airplanes usually have
three or four engines, but two engines may be the minimum
number required to provide a safe journey. Similarly, in many
power-generation systems that have two or more generators,
one generator may be sufficient to provide the power
requirements .
Earlier research workers have studied the reliability behavior
of k-out of-n systems, but no attention was paid to the
reliability evaluation due to human and common-cause failure
[1-4]. Madhu Jain et al [1, 2], studied a K-out of-n system with
dependent failure and standby support. Moustafa S. [3] also
studied k-out of-n repairable system with dependent failure
and imperfect coverage. Who Kee Chang [4], studied reliability
analysis of a repairable parallel system with standby involving
human failure and common-cause failures. Hughes, R. P [5],
investigated a new approach to common-cause failure.
The purpose of this paper is to investigate a mathematical
model of k-out of-n repairable system with standby units
involving human and common-cause failure to evaluate
availability, steady state availability, MTTF and cost function.
Using supplementary variable technique, Laplace transforms
of various state probabilities are obtained. Numerical
computations and graphs for availability, MTTF and cost
function also have been drawn . Also three particular cases
are developed:
▪ The case when there is repair due to hardware,
human and common-cause failures.
▪ The case when there is repair due to hardware and
human failures.
▪ The case of no repair.

2. Assumptions
▪ The system consists of n identical main units and s
standby units.
▪ Unit failure, human error and common-cause failure
are constant.
▪ Repair rate from failed states due to unit failure,
human error and common-cause failure are generally
distributed.
▪ Initially n units are operating and s unit are kept as
cold standby.
▪ The entire system working if at least k of its units or
components are operating.
▪ The system is said to be in one of the failed if k+1 unit
have failed due to unit failure, human error and
common-cause failure.
▪ When any of the operating units fails, it is replaced
by standby unit .
▪ If all the standbys are consumed, the system works
as degraded system until k-units works.
▪ No repair will be undertaken until the system has
failed due to hardware and human error (i.e. until
k+1 unit have failed) or due to common-cause failure.
▪ A repaired system is as good as new.
▪ A perfect switch is used to switch-on the standby
units and switch-over time is negligible.
3. Notations
P(i,j) (t) Probability that the system is in state (I, j) at time 't'.
State (I, j) is the state of the system when i units failed due to
hardware failure and j units due to human error, i, j = 0, 1, 2,
………, k+1. State (0, 0) is the initial state at t = 0 and states (i,
k+ 1 -i, i = 0, 1,……., k +1 are the failed states of the system.
State cc is when the system has failed due to common-cause
failure.
λ constant hardware failure rate of a unit.
h constant human error rate of a unit.
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λc common-cause failure rate.
Λ = n λ,

Pcc (y,t) Probability density function that the failed system is
in state cc and has an elapsed repair time of y at time 't'.

=nh

ρ repair rate when the system is in state (i, j)
ρc repair rate when the system is in state cc
P(i,j) (y,t) Probability density function that the failed system
is in state (i, j) and has an elapsed repair time of y at time 't',
j = k +1 -I, i= 0, 1, 2, ……….k +1

s. Laplace transform variable, F ?(s)
the pdf f.

Laplace transform of

The transition diagram of the system is depicted in figure
(1).
The transition diagram of the system is depicted in figure
(1).

Figure (1): transition diagram of the system
4. State probabilities of the system
The set of differential equation for the model is as present in equations 4-1 to 4-6.

Boundary condition
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Initial condition

5. Solution of the model
By taking the Laplace transform of equations (4 - 1)-(4 - 6), one may get equations 5-1 to 5-8.

Boundary condition

By integrating equations (5 - 3), (5 - 4), we get one gets equations 5-7 to 5-12

Again integrating equations (5 -7), (5 -8), using equations (5 -5), (5 -6), we get
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Also we have from equations (5 -7), (5 -8), using equations (5 -5), (5 -6)

Lastly by substituting equations (5 - 11), (5 - 12) in equation (5 - 1), equation 5-13 is obtained
5 - 13
The Laplace transform of the reliability of the system and steady state availability of the system are as presented in equations
6-1 to 6-5.

6. Particular Case
When repair rate follows exponential distribution. Setting

The Laplace transform of the probabilities of the system are:

6-5
6.1 Case I
Consider the case when n=2, s=1, k=1, ρ, ρc are the repair rates when system is in state (i, j), and in cc states respectively.

from equations (6 - 2), (6 - 5), one may get equations 6-1-1 to 6-1-7.
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Where :

Therefore the Laplace transform of probability of the system is in upstate is as depicted in equation 6-1-8.

Where,

Taking inverse Laplace transform of equation (6 - 1 - 8) one may get equation 6-1-9.

Where,
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Expected Operational Time
From (6 - 1 - 9) one may get equations 6-1-10 to 6-1-12.

Busy Period

Taking inverse Laplace transform of equation (6 - 1 - 11) one may get:

Where,

Expected Busy period
From (6 - 1 -12) one may get equation 6-1-13.

System Steady state availability of the system may be represented by equation 6-1-14.

Where,

Equation 6-1-15 offers a steady state busy period.

Mean time to system failure is presented by equation 6-1-16.

Cost Analysis
The expected total profit per unit time incurred to the system is given by equation 6-1-17.
Profit = total revenue - total cost

The expected total profit per unit time incurred to the system in the steady-state is given by equation 6-1-18.
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Where,

6.2 Case I I

PF: is the profit incurred to the system,

Consider the case when n=2, s=1, k=1, ρ are the repair occurs
when system is in state (i, j).

R: is the revenue per unit up-time of the system,
C : is the cost per unit time which the system is under repair

From equations (6 - 2), (6 - 5), one may get equations 6-2-1 to 6-2-7.

Therefore the Laplace transform of probability of the system is in upstate is as shown in equation 6-2-8.

Where,

Taking inverse Laplace transform of equation (6 - 1 - 8) one may get equation 6-2-9.
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Where,

Expected Operational Time
From equation (6 - 2 - 9), one may get equation 6-2-10.

Busy Period

Where,

Taking inverse Laplace transform of equation (6 - 2 - 11) one may get equation 6-2-12.

Where,

Expected Busy period
From equation (6 - 2 - 12) , one may get equation 6-2-13.

Steady State Availability of the System
6 - 2 - 14
Steady state Busy period

Mean Time To System Failure
6 - 2 - 16
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Cost Analysis
The expected total profit per unit time incurred to the system is given by equation 6-2-17.
Profit = total revenue - total cost

The expected total profit per unit time incurred to the system in the steady-state is given by equation 6-2-18.

Where,
PF: is the profit incurred to the system,
R: is the revenue per unit up-time of the system,
C : is the cost per unit time which the system is under repair
6.3 Case III
Consider the case when n=2, s=1, k=1, and no repair, then one gets:

From equations (6 - 2), (6 - 5), one may get equations 6-3-1 to 6-3-7.

Therefore the Laplace transform of probability of the system is in upstate is as depicted in equation 6-3-8.

Where,
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Taking inverse Laplace transform of equation (6 - 1 - 8) one may get equation 6-3-9.

Where,

Expected Operational Time
From equation (6 - 3 - 9) , one may get:

Steady State Availability of the System

Mean Time To System Failure

Cost Analysis
The expected total profit per unit time incurred to the system is given by equation 6-3-13.
Profit = total revenue - total cost

The expected total profit per unit time incurred to the system in the steady-state is given by equation 6-3-14.

Where,
PF: is the profit incurred to the system,
R: is the revenue per unit up-time of the system,
C : is the cost per unit time which the system is under repair
7. Numerical computation
Setting λ=.02, h=.01, λc=.002,ρ=.8, ρc=.008, one can compute the cases presented in equations 7-1-1 to 7-1-5,eqautions 7-2-1 to
7-2-5 and equations 7-3-1 to 7-3-3.
7.1 Case I
Availability Analysis

Expected operational time

Busy Period
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Expected Busy Period

Profit function

7.2 Case II
Availability Analysis

Busy Period

Profit function

7.3 Case III
Availability Analysis

Profit function

Setting t=0,1,2,…………, in equations (7 - 1 - 1), (7 - 2 - 1), (7 - 3 - 1),, one get table (1).
Variation of availability w.r.t. time in three cases is shown in figure (2)
t
0
10
20
30
40
50
60
70
80
90
100

Table (1) : Availability of the system for three cases at time 't'.
Availability of the system with ρ and ρc Availability of the system with ρ Availability of the system without repair
1
1
1
0.9655
0.957
0.86071
0.94735
0.93018
0.63665
0.93626
0.91003
0.43588
0.92766
0.89199
0.28473
0.92025
0.87477
0.1802
0.9136
0.85802
0.11148
0.90756
0.84162
6.7790×10 ²
0.90206
0.82555
4.0675×10 ²
0.89705
0.80978
2.4144×10 ²
0.89247
0.79432
1.4206×10 ²
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Setting t=0,1,2,…………, in equations (7 - 1 - 2), (7 - 2 - 2), (7 - 3 - 2),, one get table (2).
Variation of expected operational time w.r.t. time in three cases is shown in figure (3)

t

Table (2) : expected operational time of the system for three cases at time 't'
Expected operational time of the system
Expected operational time of the
Expected operational time of the
with ρ and ρc
system with ρ
system without repair

0
10
20
30
40
50
60
70
80
90
100

0
9.8202
19.375
28.79
38.108
47.347
56.515
65.621
74.668
83.663
92.611

0
9.7777
19.204
28.402
37.411
46.245
54.908
63.406
71.742
79.918
87.938

0
9. 5255
17.135
22.566
26.207
28.552
30.022
30.925
31.471
31.797
31.99

Setting t=0,1,2,…………, in equations (7 - 1 - 5), (7 - 2 - 5), (7 - 3 - 3),, one get table (3):
Variation of profit w.r.t. time in three cases is shown in figure (4)
Table (3) : Profit of the system for three cases at time 't'
Profit of the system with ρ and ρc Profit of the system with ρ
Profit of the system without repair

t
0

0

0

0

10

979.81

976.53

952.55

20

1929.7

1916.3

1713.5

30

2863.5

2832.9

2256.6

40

3786.1

3730.4

2620.7

50

4699.4

4610.5

2855.2

60

5604.4

5473.6

3002.2

70

6502.2

6320.2

3092.5

80

7393

7150.7

3147.1

90

8277.7

7965.2

3179.7

100

9156.9

8764.2

3199

Setting h=0,.0 2,.04 …………, in equations (6 - 1 - 14), (6 - 2 - 14), one get table (4). Variation of steady state availability for different
values of human error in three cases is shown in figure (5)
Table (4) : Relationship between steady state availability and human error for three cases
h

Steady state Availability of the system with ρ and ρc Steady state Availability of the system ρ

0

0.78469

0.95122

0.02

0.7696

0.93965

0.04

0.75507

0.92154

0.06

0.74108

0.90245

0.08

0.7276

0.88351

10

0.7146

0.86503

0.12

0.70206

0.84714

0.14

0.68995

0.82988

0.16

0.67825

0.81324

0.18

0.66694

0.79721

0.2

0.65601

0.78177
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Setting h=0,.0 2,.04 …………, in equations (6 - 1 - 18), (6 - 2 - 18), one get table (5). Variation of steady state profit for different
values of human error in three cases is shown in figure (6)
Table (5) : Steady state profit of the system for three cases at time 't'
h

Steady state profit of the system with ρ and ρc

Steady state profit of the system with ρ

0

76.316

94.89

0.02

74.656

93.501

0.04

73.058

91.469

0.06

71.519

89.348

0.08

70.036

87.252

10

68.606

85.211

0.12

67.227

83.237

0.14

65.895

81.333

0.16

64.608

79.499

0.18

63.363

77.733

0.2

62.161

76.032

Setting h=0,.0 2,.04 …………, in equations (6 - 1 - 16), (6 - 2 - 16), (6 - 3 - 12),, one get table (6). Variation of MTTF for different
values of human error in three cases is shown in figure (7).
MTTF of the system with ρ and ρc= ∞, MTTF of the system with ρ = 500
Table (6) : Relationship between MTTF and human error for three cases
h

MTTF of the system with ρ and ρc MTTF of the system with ρ

MTTF of the system without repair

0

∞

500

46.485

0.02

∞

500

24.093

0.04

∞

500

16.259

0.06

∞

500

12.269

0.08

∞

500

9.852

10

∞

500

8.2303

0.12

∞

500

7.067

0.14

∞

500

6.1919

0.16

∞

500

5.5096

0.18

∞

500

4.9627

0.2

∞

500

4.5146

Figure (2): Variation of availability w.r.t. time in the three
cases

Figure (3): Variation expected operational time of
system w.r.t. time in the three cases
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Figure (4): Variation of Profit w.r.t. time in the three cases.

Figure (5): Variation of steady state availability for
different values of human error for case II,III

Figure (6): Variation of steady state profit for different
values of human error for case II,III

Figure (7): Variation of MTTF for different values of
human error for case II,III.

Conclusions
Table (1) computes availability of the system at any time.
Figure (2) shows availability of the system decreases in the
interval (0, t] for the three cases. By comparing the availability
with respect to time for three cases with and without repair
graphically. It was observed that: it decreases w.r.t. time. It is
concluded that the system availability with ρ and ρc is more
greater than the system with ρ, and availability with ρ is
greater than without repair.
Table (2) computes expected operational time for the system
at any time Figure (3) shows expected operational time
increases in the interval (0, t] for the three cases,. By
comparing the expected operational time with respect to time
for three cases with and without repair graphically, it was
observed that: it increases w.r.t. time. Another observation is
that the system expected operational time with ρ and ρc is
more greater than the system with ρ and with ρ repair is more
greater than the system without repair.

Table (3) computes profit function of the system at any time
Figure (4) shows expected total gain increases in the interval
(0, t] for the three cases,. By comparing the profit function
with respect to time for three cases with and without repair
graphically, it was observed that it increases w.r.t. time. The
system profit with ρ and ρc is observed to be greater than the
system with ρ and profit with ρ repair is greater than the
system without repair.
Table (4), Table (5) compute variation of steady-state
availability and profit with respect to human failure. Figure
(5), Figure (5) show variation of steady state availability with
respect to human failure for the two cases of repair. By
comparing the steady state availability and profit with respect
to human failure for the systems with ρ and with ρ, ρc
graphically. It was observing that The increase of human
failure rate h at constant λ=.02, λc=.002, ρ=.8, ρc=.008, the
steady state availability and profit of the system decrease, and
it is observed that the system with repair ρ only is more
greater than the system with ρ and ρc (i.,e., system include
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common-cause). The availability and profit in the steady-state
equal to zero.
Table (6) compute variation of mean time to failure (MTTF)
with respect to human failure. Figure (7) shows variation of
MTTF with respect to human failure for the second and third
case. By comparing the MTTF, with respect to h for the system
with ρ and without repair graphically, it was observed that
MTTF of the system with (ρ and ρc) = ∞, MTTF of the system
with ρ = 500 (constant). But MTTF of the system without
repairing, the increase of human failure rate h at constant
λ=.02, λc=.002, ρ=.8, ρc=.008, the MTTF of the system
decreases.
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